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This article is an effort to generalize the corresponding parts in Kashiwara-
Schapira’s book Categories and Sheaves, in which they consider the case of
1-categories. Besides that, the main reference is Lurie’s Higher Topos The-
ory, abbreviated as HT'T. We will always refer to the version on his personal
website.
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1 The Comma Construction of co-Categories

1.1 Comma Categories

Given a functor f : € — D between oco-categories and an object d € D, we
will write €/ for € xp D /3. We write 8 for the co-category of spaces.

Given any simplicial set K, we will write the composition K ~ K x{0} —
K x A! as iy and we can define i; in a similar way.

Definition 1.1.1. Given a diagram of simplicial set:
K 2 K <& K"

The comma object M(p, q) is the simplicial set with n-simplexes as the fol-
lowing diagrams:
Am 20 An AL B AR

Ll

K/ P K q K//

Remark 1.1.2. We have two natural maps and a simplicial homotopy:

/\
\/

The comma object is some kind of so-called lax 2-limit. Many important
constructions in (oo-)category theory are special cases of comma object and
let me exhibit an incomplete list:
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They are actually isomorphic as simplicial sets.



Lemma 1.1.3. If K is co-category, the functor (p',q') : M(p,q) — K' x K"
is inner fibration.

Proof. To fill in a diagram A} — M(p,q) (1 <1i < n):

AP 2 ‘0 A”XA1<LA"

oo

K' —"— K +1— K"

We can fill in f" and f” first (or use the given filling-in), then f. O

Corollary 1.1.4. If K, K' and K" are co-categories, the comma object
M(p, q) is oco-category and the functors p’, ¢' are both inner fibrations.

The next two lemmas are immediate consequences of the definition.

Lemma 1.1.5. Given a comma object and two adjacent pullback squares:

/\
\/\

/(p’\ /
\ /

The canonical map is an isomorphism between simplicial sets:
f:M X M(p,q) M" — M(pr, qs)

Lemma 1.1.6. Given a comma object and a pullback square:

/\/\

M(p, —f— L

\/\/

We have a canonical pullback of simplicial sets:

M(p, q) —— M(sp, sq)

| |

M(tp,tq) — M(fp, fq)



Corollary 1.1.7. Given a homotopy pullback of co-categories:
X Y

bi Ny ic

We have a homotopy pullback of mapping spaces:

mapy (7, y) —— mapy(a(z), a(y))

| |

mapy (b(x), b(y)) — mapyw(f(x), f(y))

Proof. Assume that our homotopy pullack of oo-categories is given by a
pullback of simplicial sets and maps ¢, d are both categorical fibrations.
Using the previous lemma and equivalence map(z,y) ~ M(A? 5 ox &
AY), we have a pullback of mapping spaces (as simplicial sets) which is
automatically homotopy pullback since the maps between mapping spaces

are Kan fibrations (using the fact that ¢, d are categorical fibrations). [

From now on, we will only take comma objects of co-categories, and it
is safe since co-categories are closed under taking comma objects.

There are two alternative descriptions of M(€ 2 D <L &). One is the
following pullback:

M(p,q) — DA

Lo

exe 2% pyp
The other one is the limit of the following zig-zag:

echpepAr sple

All three descriptions give isomorphic simplicial sets. However, the previous
two are homotopy limits as well. It is because the last two forms of limits are
equivalent in any oco-categories, and the functor DA 5 DxDis categorical
fibration by HTT corollary 2.4.6.5. As a corollary, if the middle K is oo-
category, the comma object is invariant under categorical equivalence.

Remark 1.1.8. We can deduce from the pullback description and corollary
1.1.7 that, the mapping space in comma category can be represented as
homotopy pullback (between objects A = (x,a,y) and A" = (2/,d’,y)):

mapM(p,q) (Av A/) —— mapeg (.27, Qj‘,)

| |

mape (y,y') —— mapg(p(x),q(y'))



Lemma 1.1.9. Given a diagram of co-categories:

e Lyp L o¢

rlool ]

¢ — D« ¢
p q

It induces functor between comma categories:
F: M(p,q) = M(p',q')
We have:
1. If f', f and " are fully-faithful, F is fully-faithful.
2. If f', " are equivalences and f is fully-faithful, F is equivalence.

Proof. Given objects A = (x,a,y) and A = (2/,d’,y’) € M(p, q), the map-
ping space between them can be represented as fiber product by the previous
remark:

mapM(p,q) (A’ A/) = mape (1"7 -T/) X mapq, (p(z),q'(v")) mape (y’ y/)

Using this formula is enough to show (1). The claim (2) follows from the
fact that, any morphism in D’ between objects in the essential image of €
and &' is equivalent to a morphism in the essential image of D. O



1.2 Lax Fibers of Comma Categories

Theorem 1.2.1. Given two adjacent comma categories of oco-categories:

/ \
M(p, q)
/ \ %
M(p/, r

\/

The following canonical functor admits a right adjoint:
feM(p' ) = M(p, qr)

Proof. For the most convenience, we will write M and M’ for M(p/,r) and
M(p, gr) respectively. The object in M can be seen as tuple (z,a,y,b, 2)
such that z € K', y € K", z € L and a : p(x) = q(y), b : y — r(2).
Similarly, the object in M’ can be seen as tuple (2, a’, 2) such that 2’ € K,
2 e Land d : p(z') — qr(2’). The definition of f is roughly as taking
(z,a,y,b,2) to (x,q(b) oa,z). Write g for the proposed right adjoint of f.
The definition of g is roughly as taking (2',d’,2') to (2',d’,r(2'),id(zr), 2').
There is a natural transformation id — g¢f that its value at (z,a,y,b, z) is
defined by the diagram:

T p(z) — q(y) j — 1(2) I
id id q(b) b lld id
T p(z) a(b)og qr(z) r(2) d, r(2) z

We are left to check it is a unit transformation in the sense of HTT defi-
nition 5.2.2.7.; that is, to show the following composition is an equivalence
in the homotopy category of spaces (we write C' for (z,a,y,b,z) and D for

(2',d,2")):
mapyy (f(C), D) = mapy(gf(C),g(D)) — mapy(C, g(D))

Basically, it is because both sides are equivalent to a fiber product:

map g (337 x/) X map (p(z),qr(z')) MaPL (Za Z/)



Remark 1.2.2. If we combine the squares in the other direction:

/\

M(r,q
\()/\
N A

We still have a comparison functor:
f:M(r,q) — M(pr,q)
This time, it admits a left adjoint.

Corollary 1.2.3. Given a comma category of co-categories:

/\
\/

M(p,

If q is cofinal, ¢’ is also cofinal.

Proof. Given any object x € K’, the previous remark guarantees the natural
functor f: M(p,q),; — K ]'D’(x) / admits a left adjoint and therefore it is weak
equivalence. We can use HT'T theorem 4.1.3.1. to conclude the proof. [

Given a diagram of co-categories:

e-Lyp L og

Lol

¢ — D ¢
P q

It induces functor between comma categories:
F :M(p,q) = M(p, ¢')

Theorem 1.2.4. Given an object D = (z,a,y) € M(p',q¢), we have a
categorical equivalence:

M(p, q)py = M(Cyy = Dy(ayy < €yy)

7



Proof. We have a pullback square:

1 Al

(D*)a) — (Dpay))

| |

Doy — Dy

It is because of a dual decomposition of simplicial sets:
Al AMTE e AV (AT A™) JT A« A7
AOxA™

The special case of n =1 is drawn as follows:

N

We have the following diagram:

Al
Cop = Dp(a)) (D% )oy — > Dyy)) ¢ &y

\/\/

(p(z)

\/

Notice that the restriction r is trivial Kan fibration. The precise definition
of the functor &,, — D, (,), appeared in this proposition should be the
consecutive composition of €, — Dy, any section of r and D,, —
Dy (). The limit of the first row is M(p, q)p, by the very definition, and
it is equivalent to the limit of the bottom border line because the middle
square is pullback. And the last limit is categorical equivalent to M(C,, —
Dy (z)) < €yy) since 7 is trivial Kan fibration. O]

Remark 1.2.5. We have a dual version of the previous equivalence:

M(p,q)/p =~ M(Cz = D gy < E/y)



2 Filtered co-Categories

2.1 Cofinality and Filteredness

Lemma 2.1.1. Given a filtered diagram of spaces f : J — 8, the following
conditions are equivalent:

1. s colimit limy . f(a@) is contractible;
2. It satisfies the following two properties:

(a) Given any o € J, there exists morphism o — o such that f(a')
s non-empty;

(b) Given any o € § and map S™ — f(«a), there exists morphism
a — o such that the composition S™ — f(a) — f(d') is null-
homotopic.

Proof. We can consider the filtered systems of sets mof(—) : § — Set and
momapg(S™, f(—)) : do; — Set. Since x and S™ are compact objects of § and
my commutes with filtered limits, we can reduce the problem to properties
of filtered colimits of sets.
1 = 2: The claim follows from the fact that @a%a/e 9., 7o mapg(S™, f(a')) ~

« and hﬂaeg mof(a) >~ *.

2 = 1: The assumption implies that hﬂoﬁa'ega/ 7o mapg(S™, f()) ~
* and hﬂaea mof(a) ~ x. Now use the criterion that a space X € 8 is
contractible if and only if o X is non-empty and 7y mapg(S™, X) ~*. O

Lemma 2.1.2. Given an oco-category C such that for any y € C, €, is
filtered, C itself is filtered if and only if for any objects x,y € g, the following
filtered colimit is contractible:

. N
hﬂy%yleey/ mapg(xay) &k

Proof. The previous lemma shows that the assumptions in the criterion
for filteredness given by HTT proposition 5.3.1.15. (together with HTT
definition 5.3.1.1.) is equivalent our assumption. O

We write | K| for the geometric realization of simplicial set K.

Lemma 2.1.3. Given a functor f : J — C between co-categories and object
x € C, we have an equivalence:

hﬂaea map@(:l:a f(OZ)) = |8$/ |



Proof. The geometric realization of g,/ is equivalent to the homotopy colimit
of the diagram p : J — 8 which is given by applying (reverse) Grothendieck
construction to the left fibration g,, — J (cf. HTT corollary 3.3.4.6.). The
left fibration d,, — d is pullback of C,, — € along f, so by Yoneda lemma,
we have p(—) ~ mape(z, f(—)). O

Theorem 2.1.4. Given a functor f : J — C between co-categories such that
d is filtered, the following conditions are equivalent:

1. f is cofinal;
2. For any x € C, ,, 1is filtered;
3. The following properties hold:

(a) Given any x € C, there exists morphism x — f(j);
(b) Given anyx € C, j € J and map S™ — mape(x, f(j)), there exists

morphism j — j' such that the composition S™ — mape(z, f(j)) —
mape(z, (') is null-homotopic.

Proof. 2 = 1: That g,/ is filtered implies it is contractible (cf. HTT lemma
5.3.1.20.), and we can use the criterion HTT theorem 4.1.3.1.

1 < 3: We have lim, mape (7, f(—)) =~ |d,/ | by the previous lemma, and
the claim follows from lemma 2.1.1.

3 = 2: The mapping space in J,, between A : z — f(j) and A" : 2 —
f(j") can be represented by homotopy pullback:

mapy_, (AA) ————

|

mapy (j, j') —— mape(z, f(j'))

We can combine corollary 1.1.7 and HTT proposition 2.4.4.3. (2) to prove
this fact. Back to the track, our strategy is to apply lemma 2.1.2. Notice that
we have restriction functor (d,/)a/, — d;/ that is a trivial Kan fibration.
Therefore we have to show that (A” is the composition z — f(5') — f(5")):

. AN
M, jueg,,, MaPs,, (4, A7) = »
Using the above pullback square and the fact that filtered colimits com-
. . o ] . S
mute with pullbacks in 8, it is enough to show hﬂj’aj”eaj// mapy(j, ") ~ *

. NN .
and hﬂj’aj”eaﬂ/ mape(z, f(7”)) ~ *. We can use the previous lemma to

compute these filtered colimits, provided the facts that d;,, — J is cofinal
(since (/) v/ = dju, and hence filtered) and the composition of two cofinal
functors g, — d — € is cofinal (cf. HTT proposition 4.1.1.3. (2)). O

10



Remark 2.1.5. By lemma 2.1.7 below, under the assumptions of the pre-
vious theorem, C has to be filtered.

The following theorem concerns some natural cofinality that arises from
filtered oco-categories and cofinal functors between them.

Theorem 2.1.6. Given a diagram of filtered co-categories with cofinal func-
tors p and q:
3537
The following propositions hold:
1. Forany j' €7, 40 — 3 is cofinal;
2. Forany j €3, d;; — dpy)) is cofinal;
3. For any j" € J", djr) — 3;.,,/ is cofinal;

4. For any morhphism f : j" — q(j') € 3", the induced functor J; ) —
3]-,// s cofinal.

Proof. (1) Given j € g, we have trivial Kan fibration (d;,);, — d;, and
therefore (d;//);, is contractible.

(2) This is a special case of (4).

(3) Given A : " — q(j') € 3;,,/, we have trivial Kan fibration (J;1/) 4, —
;1) and by the cofinality of p we conclude that (d;//) 4, is contractible.

(4) The morphism f can be seen as object of 3;,//. By (3), the functor
djn ;= 3;.,, / is cofinal and therefore (J i /) ) 18 filtered by the previous the-
orem. We have trivial Kan fibration r : (d;»/);, — d;, and by (1), cofinal
functor v’ : (d;1/) s/ — d;j»/. The functor appeared in claim (4) is defined by
taking any section of r and composing it with 7/, and the result is cofinal. [J

We conclude this section by two criteria for filteredness.

Lemma 2.1.7. Given a functor f : § — J' between oco-categories, if J is
filtered and f is cofinal, J’ is also filtered.

Proof. There is a characterization of filtered oco-categories that they are
precisely those co-categories by which colimits (of spaces) are indexed could
commutes with finite limits (of spaces) (cf. HT'T proposition 5.3.3.3.). Since
cofinal functor keeps colimits invariant, if J has this property, J’ also has
this property. ]

Lemma 2.1.8. Given a functor f : J — §' between oo-categories, if J' is
filtered and f is right exact (c¢f. HTT definition 5.5.2.1.), 3 is also filtered.

Proof. The pullback of identity idy : J° — ' along f is the identity idy :
J — J. By the definition of right exact functors, since J’ is filtered, g is also
filtered. O

11



2.2 Comma Category of Filtered Categories

Lemma 2.2.1. Given a diagram of co-categories such that € is contractible
and q is cofinal:
chpde

Then the comma category M(p, q) is contractible.

Proof. By corollary 1.2.3, there exists cofinal functor M(p,q) — €, and
cofinal functors are weak equivalences by HTT proposition 4.1.1.3. (3). O

Theorem 2.2.2. Given a diagram of co-categories:

e 2ypt g

Lo o]

f/
¢ — D7
p q

If it satisfies the following conditions:
1. J and 3’ are filtered;
2. q,q, f and f" are cofinal.
The induced functor between comma categories is cofinal:
F: M(p,q) = M(p',q")

Notice that under these assumptions, D and D’ are both filtered by
lemma 2.1.7, and f is cofinal by HT'T proposition 4.1.1.3. (2).

Proof. Our strategy is to use theorem 1.2.4 to represent M(p,q)p, (D =
(z,a,y)) as comma category M(C,; — D, (5, < d,/) and then the previous
lemma to show its contractibility. Since f’ is cofinal, C, / is contractible. We
are left to show that d,, — Dy (,), is cofinal. By definition, this functor
factors as Hy/ — Hq/(y)/ — Dq/(y)/ — Dp/(x)/ and hence it is cofinal as being
composition of cofinal functors by theorem 2.1.6 (2), (3) and (4). O

Theorem 2.2.3. Given a comma category of co-categories such that J', J”
are filtered and q is cofinal:

8/
N
q) J
N S

g/l

M(p,

The following propositions hold:

12



1. M(p, q) is filtered;

2. The functors ¢', p' and (¢',p’) from M(p,q) to §', 3" and ' x 3" are
cofinal.

Proof. (1) By lemma 2.1.8, it is enough to show that ¢ is right exact, namely
to prove that for any j’ € J', M(p, q)/; is filtered. Using the following
diagram:
H/ p 3 q H//
ol 1]

J — AV «— A0

Remark 1.2.5 shows that M(p, q) /; =~ M(H’/j, LA gL J") (p is the composi-

tion 3,/3" =7 LN d). Then we use the following diagram:

A0 PRI g9 g
ld]/i idgl ldgll
By 5> 3 &

Notice that id;s is terminal object of H'/j,, so the left vertical map is cofinal.

We can apply the previous theorem and it follows that the induced functor

3;,(]")/ — M(p,q) ~ M(p,q)/j is cofinal. Theorem 2.1.4 (2) implies that
)

Hg(j/ / is filtered. Then lemma 2.1.7 shows M(p, q) /; is filtered.
2) The following are equivalences:

J ~M(@ — A% « AY)
3" ~M(A” — A” + 7")
8/ % H” 21\/[(3/ N AO s HH)

We can use remark 1.2.5 and these equivalences to represent M(p, q), / (for
zed, 3 ord x 3") and use lemma 2.2.1 to show its contractibility. O

13



2.3 Lax Limit of Filtered co-Categories
This section begins with an introduction to a special kind of diagrams.
Lemma 2.3.1. For simplicial set K, the following properties are equivalent:

1. It is categorically equivalent to a minimal oo-category, which has only
finitely many non-degenerate simplezes.

2. It is categorically equivalent to a finite minimal 1-category that the
length of composable non-identity morphisms has finite upper bound.

Proof. (2) = (1) Using the description of the non-degenerate simplexes in
nerve of 1-category.

(1) = (2) Assume that K ~ € and € is a minimal oo-category, we only
need to show that € is actually an 1-category, and then we can use the
description of the non-degenerate simplexes in nerve of 1-category again to
conclude the proof.

Notice that, if C satisfies (1) then for any objects z,y € €, mape(z,y)
also satisfies (1). To prove this claim, we use the model mapf(z,y) (cf.
discussion before HT'T proposition 1.2.2.3.). A simplex A" — mapg(az, y) is
a simplex A"T! — @ satisfying some properties and we can see that if the
latter is degenerate, the former is also degenerate (except when n = 0 and
x =y, there is another possibility that the 0-simplex represents id,). This
is enough to show our claim.

If € is a Kan complex, it has to be a finite set. To show this, given any
object x € C, if m (X, z) is nontrivial, we can take some v : Al — € to
represent a non-trivial loop. We have a categorical equivalence:

Spine,, ~ At01} H A2} H H Aln—1n} o AR
A{1} A{2} A{n—1}

Take the map Spine, — € which maps each ALt} o v, and then exdend
it to A™. The resulting n-simplex cannot be degenerate and hence it con-
tradicts our assumption. We apply this observation to 2" € and we find out
that all higher homotopy groups of € are trivial. Finally, for the original C,
the previous discussion applied to mape(x,y) show it is a finite set. O

Definition 2.3.2. A simplicial set K is called very small if it satisfies the
above two (equivalent) properties.

Let p : X — K be a cocartesian fibration of co-categories, we will write
Sect,, for the oco-category Map, i (id, p) of sections of p. Our main result in
the section is the following:

Theorem 2.3.3. Let p : X — K be a cocartesian fibration such that K is
very small and all fibers of p are filtered. Then for any object © € K, the
evaluation functor Sect, — p~L(3) is cofinal. In particular, Secty, is filtered
and hence non-empty.

14



Before the proof, we should establish some lemmas. Given a small sim-
plicial set K, a cocartesian fibration p : X — K® over its right cone, let us
call the cone point X and the base change of p to K will be named p°. We
have the following square and natural transformation 7 : ti* — dj*:

Sect,o
Sect,, nﬂ Fun(K, p~ (X))
» g

N

p~H(X)
Lemma 2.3.4. The previous square induces equivalence:
Sect, >~ M(Sect,0 — Fun(K, p H(X)) « pH(X))

The functor ¢* is the restriction of sections to K, j* the restriction to
cone point X and d the diagonal functor which sends an object to the con-
stant diagram. The functor ¢ is defined by cocartesion lifting by solving
the following extension problem (with the requirement that for each i € K,
the image of i x A! in X should be p-cocartesian) and then restricting the
diagonal map to K x {1}.

K x {0} ==X
T

L

K><AlT>KD

The natural transformation is defined similarly by the following extension
problem:

KxA} ——X

K><AIQT>K'>

Theorem 2.3.5. Let p : X — K be a cocartesian fibration such that K is
very small and aoll fibers of p are filtered. Then we have:

1. The oco-category Secty, is filtered and hence non-empty;

2. For any object i € K, the evaluation functor Sect, — p~L(4) is cofinal.

15



Proof. We can assume that K is equivalent to the nerve N(C) of some mini-
mal 1-category. By definition we can find a maximal object of €, namely an
object X such that admits no morphism towards other object. Let C° be the
full subcategory consists of objects other than X, and C?? y the over-category

€' xeC /x- We have a natural simplicial homotopy:

Let us denote the pullback of p along i and ¢i as p° and pgf. We have a
natural equivalence induced by this simplicial homotopy:

Sect, ~ M(Sect, 0 — Sectyo — Fun(@?X,p_l(X)) — p HX))

Let us denote the right-hand-side as M. The reason for our claim is, we
have pushout of simplicial set:

N(€)y) — N(€)

l J

N(€%)" — N(©)

This is also a homotopy pushout in Joyal model structure. Therefore we
have equivalence:

FUD(G, ®) = FUH(GO, ®) XFun(@%(,‘D) Fun((e(/)X)Dv D)
The comma object in question can also be represented as:
M ~ Fun(C°, D) X Fun(€9, D) Fun((‘Z(/)X oAY, D)
By HTT proposition 4.2.1.2., we justify our claim.

Now we can do induction on the cardinality of the isomorphic-classes of
objects in €. We have the following diagram:

ind-Fun(C’, D) — ind—Fun(G?X,D) +— ind-D

| 1| |

Fun(€’,ind- D) — Fun(€Y,,ind-D) +— ind-D
/X

16



By our previous discussion, the inductive assumption, lemma 1.1.9 and the-
orem 3.0.3 , we only need to show the middle vertical functor f is fully-
faithful. Using HT'T proposition 5.3.5.11., it is enough to show the essential
image of the following inclusion consists of compact objects:

Fun(€)y, D) — Fun(€)y, ind- D)

The point is, N(G(/) ) is a finite simplicial set, and hence the mapping space
between two functors in Fun((‘f(/) »ind- D) is a canonical finite limit of map-
ping spaces between the values of each functor. Using the fact that filtered
colimits commute with finite limits, we conclude our proof. O

17



3 Applications to Ind-Objects

In the last section of this article, we apply the results established in previous
sections to ind -objects.

Lemma 3.0.1. Given a filtered diagram p : § — C which represents X €
ind-C, the canonical functor p:J — C,x is cofinal.

Proof. We will use lemma 2.1.3 to show cofinality. That means we have to
prove that given any A:Y — X € C/x, we have:

lim _, mape, (A, p(a) = X) ~

The mapping space in C/x between A : Y — X and A" : Y’ — X can be
represented as homotopy pullback:

mape/X(A, A) — %
| I
mape(Y,Y') Aoy mape(Y, X)

Since Y is compact in ind- €, we have hﬂaea mape (Y, p(a)) ~ mape(Y, X),
and the bottom map becomes equivalence after taking colimit, so its fiber
is contractible. O

Theorem 3.0.2. Given a morphism f: X — X' € ind-C and two filtered
diagrams p : J — C and q : ' — C that represents X and X' respectively,
there exists filtered oco-category ", cofinal maps p' and ¢' and natural trans-
formation pp’ — qq’ that represents f:

/\
\/

Proof. We have a diagram such that § is cofinal by the previous lemma:

g P G/X Ji G/X’ q q'
Then M( fip, §) is what we want by theorem 2.2.3. O

Theorem 3.0.3. Given a diagram of oco-categories K’ LN K”, the
following canonical functor is an equivalence:

ind-M(K' — K + K") — M(ind-(K’ — K + K"))

18



Proof. Without loss of generality, we assume K’, K and K" are co-categories.
Let us focus on the restriction first:

M(K' - K + K") — M(ind-(K' — K + K"))

This functor is fully-faithful by definition, and we will prove that its image
consists of compact objects. Given (z,a,y) € M(K' — K + K”) and
(a',d,y') € M(ind-(K' — K <« K")), the mapping space between them
can be represented as fiber product (cf. remark 1.1.8):

MaPia- k7 (T, %) Xmap,y i (p(e),a(y’)) MaPind- &7 (Y5 Y')

Since ind- K’ — ind- K and ind- K” — ind- K preserve filtered colimits,
the functor maping. g/ (X, =) Xmapy,, x (p(X).q(~)) MaPind- (Y, —) preserves
filtered colimits. We finished our proof of compactness.

By HTT proposition 5.3.5.11., we are left to prove the canonical functor
in our proposition is essentially surjective. Given (2/,a,y’) € M(ind-(K' —
K «+ K")) and represented 2’ and ¢/ by f : J - K and g : §J — K"
respectively. We can apply theorem 3.0.2 to the map a : p(2’) — ¢q(y'), and
hence we can assume J ~ J" and the map is given by a natural transformation
pf — qg. Notice that the latter form can be seen as a diagram J — M(K' —
K + K"), and essential surjectivity follows. O

We have the following generalization of HTT proposition 5.3.5.15.
Lemma 3.0.4. For simplicial set K, the following properties are equivalent:

1. It is categorically equivalent to a minimal oo-category, which has only
finitely many non-degenerate simplezes.

2. It is categorically equivalent to a finite minimal 1-category that the
length of composable non-identity morphisms has finite upper bound.

Proof. (2) = (1) Using the description of the non-degenerate simplexes in
nerve of 1-category.

(1) = (2) Assume that K ~ € and € is a minimal oo-category, we only
need to show that € is actually an 1-category, and then we can use the
description of the non-degenerate simplexes in nerve of 1-category again to
conclude the proof.

Notice that, if C satisfies (1) then for any objects =,y € €, mape(z,y)
also satisfies (1). To prove this claim, we use the model mapg(z,y) (cf.
discussion before HT'T proposition 1.2.2.3.). A simplex A" — mapg(a:, y) is
a simplex A"t — @ satisfying some properties and we can see that if the
latter is degenerate, the former is also degenerate (except when n = 0 and
x =y, there is another possibility that the 0-simplex represents id,). This
is enough to show our claim.
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If € is a Kan complex, it has to be a finite set. To show this, given any
object x € C, if m(X,z) is nontrivial, we can take some v : Al — € to
represent a non-trivial loop. We have a categorical equivalence:

Spine, ~ A0} H A2} H H Afn=1n} _ An
AfL} A2 Alr-1}

Take the map Spine, — € which maps each Albi+1} ¢4 v, and then exdend
it to A™. The resulting n-simplex cannot be degenerate and hence it con-
tradicts our assumption. We apply this observation to Q" € and we find out
that all higher homotopy groups of € are trivial. Finally, for the original C,
the previous discussion applied to mape(z,y) show it is a finite set. ]

Definition 3.0.5. A simplicial set K is called very small if it satisfies the
above two (equivalent) properties.

Theorem 3.0.6. Given an oco-category D and very small simplicial set K,
the comparison functor is equivalence:

ind-(DX) — (ind-D)K

Proof. We can assume that K is the nerve N(C) of some minimal 1-category.
By definition we can find a maximal object of C, namely an object X such
that admits no morphism towards other object. Let C° be the full subcate-
gory consists of objects other than X, and G(/)X the over-category C° x¢ C/x.
We have a natural simplicial homotopy:

We have a natural equivalence induced by this simplicial homotopy:
Fun(@, D) ~ M(Fun(€’, D) — Fun(G(/)X, D) «+ Fun(AY, D))

Let us denote the right-hand-side as M. The reason for our claim is, we
have pushout of simplicial set:

N(€)x) — N(€")

/ J

N(€)y)" — N(€)
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This is also a homotopy pushout in Joyal model structure. Therefore we
have equivalence:

Fun(@, D) ~ Fun(€’, D) xFun(G(/)X’fD) Fun((‘f(/)’;, D)

The comma object in question can also be represented as:

M ~ Fun(€’, D) XFun (€l D) Fun(€)y oA, D)

By HTT proposition 4.2.1.2., we justify our claim.
Now we can do induction on the cardinality of the isomorphic-classes of
objects in €. We have the following diagram:

ind - Fun(€°, D) — ind—Fun(G(/)X,ﬂ) +— ind-D

| 1 |

Fun(€’,ind- D) — Fun(@?x,ind—ﬂ) +— ind-D

By our previous discussion, the inductive assumption, lemma 1.1.9 and the-
orem 3.0.3 , we only need to show the middle vertical functor f is fully-
faithful. Using HT'T proposition 5.3.5.11., it is enough to show the essential
image of the following inclusion consists of compact objects:

Fun(@?x, D) — Fun(G(/]X, ind-D)

The point is, N ((‘39 ) is a finite simplicial set, and hence the mapping space
between two functors in Fun(C(/) »ind- D) is a canonical finite limit of map-
ping spaces between the values of each functor. Using the fact that filtered
colimits commute with finite limits, we conclude our proof. ]
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